An approximate solution to the two-dimensional incompressible fluid equations is constructed by expanding the vorticity field in a series of derivatives of a Gaussian vortex. The expansion is used to analyze the motion of a corotating Gaussian vortex pair, and the spatial rotation frequency of the vortex pair is derived directly from the fluid vorticity equation. The resulting rotation frequency includes the effects of finite vortex core size and viscosity and reduces, in the appropriate limit, to the rotation frequency of the Kirchhoff point vortex theory. The expansion is then used in the low Mach number Lighthill equation to derive the far-field acoustic pressure generated by the Gaussian vortex pair. This pressure amplitude is compared with that of a previous fully numerical simulation in which the Reynolds number is large and the vortex core size is significant compared to the vortex separation. The present analytic result for the far-field acoustic pressure is shown to be substantially more accurate than previous theoretical predictions. The given example suggests that the vorticity expansion is a useful tool for the prediction of sound generated by a general distributed vorticity field.
I. INTRODUCTION
The prediction of aerodynamic sound depends on establishing a connection between an unsteady fluid flow, which is most commonly modeled as incompressible, and the small compressible fluctuations associated with an acoustic field. The most successful approach to this fundamentally unsolved problem has identified the vorticity of the incompressible fluid flow as an important source for the generation of sound. This theory, which takes its starting point from the Lighthill acoustic analogy, 1 has provided many examples of sound generation by a given vorticity distribution in a fluid flow. 2 In this paper, we begin in Sec. II with the general equation for the time evolution of the vorticity in a twodimensional incompressible flow. We expand the vorticity field in a series of derivatives of a Gaussian vortex. We then derive a set of ordinary differential equations for the timedependent coefficients of our series. A solution of these ordinary differential equations provides a solution for the timedependent vorticity and velocity fields. In Sec. III, we apply our method to analyze the motion of two corotating Gaussian vortices, and show that the second-order term of our vorticity expansion rotates in space with a frequency which reduces, as the vortex core size and the viscosity approach zero, to the rotation frequency predicted by the Kirchhoff point vortex theory. In Sec. IV, we show how our solution of the vorticity equation can be used in the Lighthill equation for sound generation. We use the Lighthill equation to compute the sound produced by the Gaussian vortex pair, and compare our result to a previous high Reynolds number numerical computation which is based on a numerical solution of the compressible Navier-Stokes equations. It is shown that our analytic result for the far-field pressure is substantially more accurate than previous theoretical predictions.
Our example suggests that the second-order term of our vorticity expansion is sufficient to provide a good approximation to the sound generated by a two-dimensional distributed vorticity field. The higher-order terms in our expansion, which are not considered in detail here, may give additional insight into the general structure ͑for example, vortex core distortion and vortex core interaction͒ of two-dimensional vortex dynamics.
II. VORTICITY DYNAMICS FOR TWO-DIMENSIONAL INCOMPRESSIBLE FLOW
The continuity and momentum equations for twodimensional incompressible fluid flow can be written in the form
where u i ͑x 1 , x 2 , t͒ is the fluid velocity vector, is the kinematic viscosity, and 
2 + x 2 2 , and r i , i are the ith components of the radial and tangential unit vectors corresponding to the r, polar coordinate system in the x 1 , x 2 plane. The vorticity distribution ␥␦ ͑r , t͒ is a two-dimensional radially symmetric Gaussian whose total integral over the x 1 , x 2 plane is equal to the constant ␥. The spatial broadness of the Gaussian at time t = 0 is characterized by the constant 0 , and the spatial broadness ͑t͒ increases in proportion to ͱ t. As → 0, ␥␦ ͑r , t͒ approaches the two-dimensional point vortex ␥␦͑r͒. The tangential velocity ␥U is zero at r = 0, and has a radially symmetric core region in which the tangential velocity increases to a maximum value of approximately ͑0.102͒␥ / at a radius of approximately ͑1.121͒. For r ӷ, the tangential velocity ␥U approaches the value ␥ /2r associated with the point vortex ␥␦͑r͒.
To obtain a more general solution of Eqs. ͑1͒-͑3͒, we construct the series
which satisfy Eqs. ͑1͒ and ͑3͒ identically. The series coefficients ⌫͑t͒, D j ͑t͒, and Q jk ͑t͒ are to be determined by vorticity equation ͑2͒. The coefficient Q jk is assumed, without loss of generality, to be symmetric in j and k. A similar series for the vorticity and velocities fields has been used previously to derive long-time asymptotics of the two-dimensional NavierStokes and vorticity equations. The series ͑7͒ is a convergent expansion in the twodimensional Gaussian derivatives, a complete and orthogonal set of spatial basis functions for functions which have spatial moments of all orders.
5 Using the orthogonality property of these basis functions, the first three time-dependent series coefficients in Eq. ͑7͒ are given in terms of by the moments
where ␦ jk is the Kronecker delta.
We refer to the successive terms on the right-hand side of Eq. ͑7͒ as the monopole, dipole, and quadrupole components of the vorticity field. This terminology is conventional when the two-dimensional Dirac delta function ␦͑r͒ is used in place of the Gaussian ␦ ͑r , t͒. The corresponding terminology is used for the successive terms in the velocity field given by Eq. ͑8͒. By using ␦ ͑r , t͒ instead of ␦͑r͒, we avoid the singularities associated with the distribution ␦͑r͒ and, as shown in Eq. ͑14͒, simultaneously account for the viscous diffusion that is explicitly built into the function ␦ ͑r , t͒ via the parameter defined in Eq. ͑6͒.
Substitution of the series ͑7͒ and ͑8͒ into Eq. ͑2͒ gives
where we have used
on the basis of Eq. ͑1͒. Since
Eq. ͑12͒ reduces to the much simpler equation
Differential equations for the temporal functions ⌫͑t͒, D j ͑t͒, and Q jk ͑t͒ can now be obtained from Eq. ͑15͒ by using the orthogonality properties of the two-dimensional Gaussian derivatives, as discussed earlier in conjunction with Eqs. ͑9͒-͑11͒. Integration of Eq. ͑15͒ over the entire x 1 , x 2 plane gives
which after an integration by parts gives
The coefficient ⌫, according to Eq. ͑9͒, is the total spatial integral of the vorticity field. Equation ͑17͒ thus states the known result that this total spatial integral of the vorticity is constant in time.
Taking the first spatial moment of Eq. ͑15͒ gives
where the last equality is obtained by an integration by parts. It is shown in Appendix A that the integral on the right-hand side of Eq. ͑18͒ vanishes, so that
We thus obtain the known result that the dipole coefficient D j in the series ͑7͒, which according to Eq. ͑10͒ is the negative of the first spatial moment of the vorticity field, is also constant in time.
The time derivative of the quadrupole coefficient Q jk in Eq. ͑7͒ is obtained from Eq. ͑15͒ as
͑20͒
Each term in the infinite series on the right-hand side of Eq. ͑20͒ can be integrated in closed form. We have evaluated the terms up the quadrupole order explicitly; the result of these evaluations is
If we set j = k in Eq. ͑21͒, we obtain
Equations ͑21͒-͑23͒ are based on a truncation of the series ͑7͒ and ͑8͒, but it can be shown directly from Eq. ͑11͒ ͑see Appendix B͒ that the result Tr͑Q͒ = constant remains valid when the entire series ͑7͒ and ͑8͒ are retained.
The constants ⌫ and D j , together with a solution of Eq. ͑21͒, give, via Eqs. ͑7͒ and ͑8͒, an approximate solution for the vorticity and velocity fields. The values of the constants ⌫ and D j and the initial values of Q jk are obtained in terms of the initial value of the vorticity distribution by means of Eqs. ͑9͒-͑11͒. At t = 0, the parameter reduces to the constant 0 , which is chosen on the basis of the length scale associated with the initial vorticity distribution.
III. MOTION OF A GAUSSIAN VORTEX PAIR
As an example, we consider the initial vorticity distribution
where the function ␦ a is defined by Eq. ͑4͒ with equal to the constant value a. Equation ͑24͒ represents two equal corotating Gaussian vortices on the x 1 axis, separated by the distance 2ᐉ. The initial core size of the vortices is determined by the parameter a. If the core size a is zero, the Gaussians become point vortices. In the absence of viscosity, the Kirchhoff theory of two-dimensional point vortex motion 6 predicts that two such point vortices will rotate around the origin of the x 1 , x 2 plane on a circle of radius 2ᐉ with angular velocity ␥ /4ᐉ 2 . We will use the series ͑7͒ to predict the approximate time evolution of the Gaussian vortices, including the effects of viscosity and the finite size of the vortex core regions.
For the initial vorticity distribution ͑24͒, Eqs. ͑9͒-͑11͒ give, with 0 = ᐉ, the monopole, dipole, and and initial quadrupole coefficients,
and the components of Eq. ͑21͒ become
Eqs. ͑31͒-͑33͒ imply that 
where the time-dependent frequency ⍀ is given by
For the initial conditions of our example, Eqs. ͑40͒-͑44͒ reduce to
Equations ͑40͒-͑42͒ can be written as
͑48͒
Equation ͑48͒ has the familiar form of the transformation equation for a second-rank tensor under a rotation of spatial coordinates. The quadrupole term in the vorticity expansion (7) rotates in space at the frequency ⍀. For small viscosity , the frequency ⍀ in Eq. ͑43͒ decreases slowly with time. In the inviscid point vortex limit → 0 and a → 0, the rotation frequency ⍀ reduces to the Kirchhoff theory value
Thus, the quadrupole term in our vorticity expansion ͑7͒ is sufficient to capture the rotation associated with the Kirchhoff point vortex model. For finite vortex core size a and nonzero viscosity , the quadrupole term of our expansion also captures the modification of the rotation frequency due to the finite core size, the viscous retardation of the rotation frequency, and the viscous diffusion of the vorticity field. We note that Eq. ͑48͒ is the solution of Eq. ͑21͒ for any initial conditions that imply D j = 0. For D j 0, the solution of Eq. ͑21͒ consists of Eq. ͑48͒ plus a particular solution corresponding to the nonhomogeneous dipole term.
IV. LIGHTHILL EQUATION FOR SOUND GENERATION
The Lighthill equation for sound generated by a homentropic low Mach number fluid flow is
where p is the acoustic pressure perturbation, 0 is the density of the undisturbed fluid, c 0 is the speed of sound in the undisturbed fluid, and u i is the incompressible component of the fluid velocity vector. The source term on the right-hand side of Eq. ͑50͒ can be written as
where is the vorticity vector corresponding to the velocity vector u. It is argued in Ref.
2 that the first term on the right-hand side of Eq. ͑51͒ is the principal source of sound at low Mach numbers. Our series expansions for and u in Sec. II can therefore be used directly in the Lighthill equation to compute the sound generated by a two-dimensional vorticity field. We will use the Lighthill equation to compute the sound produced by the Gaussian vortex pair in the previous section, and compare our result to a previous result 2, 7 which assumes the Kirchhoff theory of point vortex motion. In order to obtain a far-field solution for the acoustic pressure p in Eq. ͑50͒, we expand the principal source term on the right-hand side as
͑52͒
where
S pq
For the Gaussian vortex pair, the coefficients S ͑0͒ , S p ͑1͒ , and where ⌫ and Q jk are given for this example by Eqs. ͑25͒ and ͑44͒-͑46͒, respectively. The terms proportional to ␦ pq in Eq.
͑58͒ are nonoscillatory in time, and thus will not contribute to a propagating sound field. The solution of the three-dimensional wave equation
where R = ͑x 1 , x 2 , x 3 ͒, RЈ = ͑x 1 Ј, x 2 Ј, x 3 Ј͒, and the source S defined by Eqs. ͑51͒ and ͑52͒ has been used. For small viscosity, the source expansion term S pq ͑2͒ ͑t͒ defined by Eqs. ͑58͒
and ͑44͒-͑46͒ contains sinusoidal functions which vary slowly in frequency and amplitude. The method of stationary phase can thus be used to evaluate the far-field value of the integral in Eq. ͑59͒. Evaluation of Eq. ͑59͒ for each of the three oscillatory terms in the second line of Eq. ͑58͒ gives
͑60͒
In Eq. ͑60͒, ⍀ * denotes ⍀ evaluated at the retarded time t − r / c 0 , and * denotes evaluated at t − r / c 0 . In the inviscid point vortex limit → 0 and a → 0, the first term on the righthand side of Eq. ͑60͒ reduces to the previous result in Refs. 2 and 7. The second term on the right-hand side of Eq. ͑60͒, which comes from the second and third terms in the second line of Eq. ͑58͒, is a correction due to the finite vortex core size a.
To test the accuracy of our result for the far-field acoustic pressure, we compare our formula with a computational result presented in Ref. 8. In Ref. 8 , the far-field acoustic pressure generated by a corotating Gaussian vortex pair is computed by a direct numerical simulation of the compress- 
͑61͒
Numerical results are given in Ref. 8 for the nondimensional pressure p / 0 c 0 2 as a function of the nondimensional time tc 0 / ᐉ, at a distance r =63ᐉ from the origin. This value of r corresponds to 3.6 acoustic wavelengths, or k 0 r = 22.6, which is a reasonable far-field distance for a numerical computation. Results for p / 0 c 0 2 are given in Ref. 8 for the time interval 40Ͻ tc 0 / ᐉ Ͻ 120. For 80Ͻ tc 0 / ᐉ Ͻ 120, the transients associated with the initialization of the computation have vanished, and the computed nondimensional pressure is very nearly sinusoidal. The amplitude of this sinusoidal pressure can be compared with that predicted by our Eq. ͑60͒.
For the numerical values given in Eq. ͑61͒, the dimensional viscous parameter 4t / 0 2 =4t / ᐉ 2 which appears in Eqs. ͑6͒ and ͑47͒, satisfies the inequality
The term 4t / ᐉ 0 2 is thus negligible in Eqs. ͑6͒ and ͑47͒, and viscous effects are unimportant in Eq. ͑60͒. Therefore,
͑64͒
The numerical value of the nondimensional pressure amplitude given by Eq. ͑60͒ is compared to the computational result of Ref. 8 in Table I. Table I also shows the KirchhoffPowell result, obtained by using the Kirchhoff point vortex theory in the source S defined by Eq. ͑52͒, which is equivalent to Eq. ͑60͒ with = a = 0. Möhring's equation for aeroacoustic sound, discussed in detail in Ref. 8, gives a result which is essentially the same as Kirchhoff-Powell value. It is seen from Table I that our result is substantially more accurate than previous theoretical aeroacoustic predictions.
V. CONCLUSION
Our result for the corotating Gaussian vortex pair shows that our vorticity expansion can be used in conjunction with the Lighthill equation to provide an analytic prediction of vortex generated sound that is substantially more accurate than previous theoretical results. Viscosity is unimportant for the case that we have considered, so our improvement over previous theory must be attributed to the fact that our expansion ͑7͒ makes direct use of the vorticity equation ͑2͒ to derive the dynamics of the Gaussian vortices with finite core size. While we obviously do not capture all the fluid phenomena included in the numerical computation of Ref. 8, the result of our example suggests that our expansion is a generally useful tool for the prediction of sound generated by a distributed vorticity field.
